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We demonstrate that spin-orbit coupled electrons in a magnetically doped system exert a spin
torque on the local magnetization, without a flowing current, when the chemical potential is modu-
lated in a magnetic field. The spin torque is proportional to the anomalous Hall conductivity, and
its effective field strength may overcome the Zeeman field. Using this effect the direction of the local
magnetization is switched by gate control in a thin film. This charge-induced spin torque is essen-
tially an equilibrium effect in contrast to the conventional current-induced spin-orbit torque, and,
thus, devices using this operating principle possibly have higher efficiency than the conventional one.
In addition to a comprehensive phenomenological derivation, we present a physical understanding
basing on a model of a Dirac-Weyl semimetal, possibly realized in a magnetically doped topolog-
ical insulator. The effect might be realized also in nanoscale transition materials, complex oxide
ferromagnets, and dilute magnetic semiconductors.
PACS numbers: 85.75.-d, 75.60.Jk, 75.70.-i, 73.43.-f, 71.70.Ej, 71.70.Gm
Introduction.— The electric control of spin magneti-
zation aims to be used in next-generation magnetic de-
vices, allowing information to be written electronically.
Spin-transfer torque random-access memory has emerged
as a potential candidate for such versatile devices: a
spin-polarized current exerts a spin-transfer torque on
the magnetization and switches the direction via the
exchange interaction [1]. It is known that the driving
spin-polarized current needs to exceed a threshold cur-
rent, and a noncollinear magnetization structure such as
spin valves, tunnel junctions, or domain walls is required.
These might be central issues for low-power-consumption
magnetic-recording devices. The spin-orbit torque has
been recently proposed to control the magnetization di-
rection without noncollinear configurations. The thresh-
old current density is ∼ 106 A/cm2 for a number of mag-
netic materials[2], so much effort has been made to search
for materials having high efficiency [3–5].
In this Letter, we shall propose an alternative mech-
anism to switch the magnetization by electrical means
in anomalous Hall ferromagnets consisting of local spins
and itinerant band electrons. The anomalous Hall effect
(AHE) occurs in solids with broken time-reversal symme-
try, typically in a ferromagnetic phase, as a consequence
of spin-orbit coupling [6]. In particular, the intrinsic
AHE originates to the spin-orbit coupled band structure
and can be described in terms of Berry curvatures [7]. In
many cases, the intrinsic effect appears to be the dom-
inant contribution to the AHE in the low-temperature,
clean limit of metallic ferromagnets[6].
We derive a generic expression of the spin torque term
induced by the chemical potential modulation and a
magnetic field in anomalous Hall ferromagnets, based
on a comprehensive phenomenological argument. This
torque is proportional to the anomalous Hall conductiv-
ity. When this torque effect overcomes the Zeeman effect,
the magnetization can be controlled locally pointing par-
allel and antiparallel to the external magnetic field, de-
pending on the sign of the chemical potential modulation.
Devices using this operating principle are free from joule
heating and, thus, possibly have a much higher efficiency
than conventional ones. As an example of spin-orbit
coupled band electrons we consider a Weyl semimetal[8–
12] realized in magnetically doped topological insulator
materials[13], where a physical understanding and an es-
timation of the effective field are given.
Charge-induced spin torque.— In isotropic ferromag-
nets, the off-diagonal conductivity tensor σij (i 6= j) may
be expressed in the form[6]
σij = ǫijkσAHEMˆk (1)
in a vanishing magnetic field, where Mˆ is the normalized
directional vector of the magnetization and σAHE is the
magnitude of the anomalous Hall conductivity. In the
following we ignore the disorder effects and consider only
the intrinsic contribution at zero temperature.
According to the Streˇda formula[7, 14] the intrinsic
Hall conductivity controls the charge density n induced
when a uniform magnetic field B is applied:
σij = −ecǫijk
∂n
∂Bk
, (2)
where c is speed of light, and e is the electron charge.
Combining these two relations, we obtain the relation
between the electron density and the magnetization,
nind = −
σAHE
ec
Mˆ ·B. (3)
In a magnetic field, the right-hand side of Eq. (1) is re-
placed by the σAHEMˆk + σOHEBˆk. However, the second
term, the ordinary contribution σOHE ∝ |B|, appears to
be of second order in the field in Eq. (3), and is ignored,
since we focus on the linear response regime. These rela-
tions are derived in uniform systems, but when the mag-
netic field and magnetization vary slowly in space and
2time it is natural to assume that these are locally ap-
plicable. In the following σAHE denotes the magnitude
of the anomalous Hall conductivity in the ideal uniform
case.
In thermodynamics, the number of particles is conju-
gate to the chemical potential, described by the ther-
modynamic potential: −
∫
d3xnindδµF . By substituting
Eq. (3) into this relation, we derive a generic thermody-
namic potential for charge and spin coupling in anoma-
lous Hall ferromagnets as
ΩCS =
∫
d3x
σAHE
ec
δµFMˆ ·B, (4)
where δµF is a local chemical potential which is de-
fined as a deviation from the Fermi energy. When the
magnetization is uniform while the chemical potential
varies in space, Eq. (4) can be rewritten as ΩCS =
− 1c
∫
d3xA · jAHE where jAHE = σAHEE × Mˆ is the
anomalous Hall current, E =∇δµF /e, and A is the vec-
tor potential. Therefore the Eq. (4) describes the anoma-
lous Hall effect. From a microscopic model, Eq. (4) may
be obtained by integration over the fermionic degrees of
freedom.
Coupling between the modulation of the chemical po-
tential and the magnetization direction described by
Eq. (4) indicates the possibility of the magnetization
switching by gate tuning in a ferromagnetic thin-film.
The coupling energy of the magnetization and an ap-
plied magnetic field is Efield = EZeeman + ΩCS. Here
EZeeman = −
∫
d3xρsgµBSMˆ · B, is the Zeeman term,
and ρs, g, and S being the density, the Lande factor, and
spin of the magnetic moments, respectively. In addition
to the Zeeman torque TZeeman = gµBSB × Mˆ , there
exists an induced torque term given by
TCS = −
δΩCS
δ(ρsMˆ)
× Mˆ
= −
σAHE
ecρs
δµF (x)B × Mˆ (5)
in a magnetic field. This is the main finding of the present
work.
In a thin film the, chemical potential can be locally
tuned by gating. When σAHE and δµF are large enough,
depending on the sign of δµF , the local magnetiza-
tion points parallel or antiparallel to the external mag-
netic field. This torque is contrasted to the current-
induced spin-transfer torque[1], which can be expressed
as TSTT =
~S
e (j ·∇)Mˆ in the adiabatic limit. For TSTT
a constant electric current j is needed which generates
the joule heating, while TCS requires only the chemical
potential modulation; the effect is essentially dissipation-
less.
Microscopic derivation in Weyl semimetals.— In the
rest of the Letter we consider the torque term Eq. (5)
from a microscopic point of view, where the system con-
sists of spin-orbit coupled itinerant electrons and local
spins, interacting via exchange coupling
Hexc = JSxsMˆ(x, t) · σ. (6)
Here J is the exchange coupling constant, xs = ρsa
3
is the ratio of the magnetic dopants, a3 being the vol-
ume of the unit cell, and σ = (σx, σy, σz) are Pauli ma-
trices describing the electron spin degrees of freedom.
The torque induced by exchange coupling is given by
−JSa3〈σ〉 × Mˆ . It has been proposed that in the pres-
ence of spin-orbit coupling, a flowing current produces a
nonequilibrium spin density 〈σ〉neq and, thus, the spin-
orbit torque: TSOT = −JSa
3〈σ〉neq × Mˆ [2–4]. By con-
trast, Eq. (5) is induced by the modulation of the chem-
ical potential and an external magnetic field, where the
spin density 〈σ〉 is finite in equilibrium.
As a concrete example of spin-orbit coupled ferromag-
nets we consider a Weyl semimetal, and show that a finite
spin density is generated by chemical potential tuning.
A simplified model consists of a Dirac semimetal (DSM)
and local spins of magnetic dopants[13]. This can be
related to magnetically doped topological insulators[15]
such as chromium-doped Bi2Se3[16–18] or chromium-
doped (Bi, Sb)2Te3[19], where by doping Cr the strength
of spin-orbit coupling is reduced and the original band
gap may collapse at a certain range of the doping
ratio[13, 20]. The low-energy effective Hamiltonian is
given as HWSM = HDSM +Hexc. Here
HDSM = vF τzσ ·
(
− i~∇+
e
c
A(x, t)
)
+ eφ(x, t) (7)
describes massless Dirac fermions in three dimensions[15,
21–24], where (A, φ) is the electromagnetic potential, vF
is the velocity, and the chirality τz = ± labels the two-
degenerate Weyl nodes. We note that this model differs
from the Weyl semimetal phase proposed in a topological
insulator multilayer[9]. In the latter system, the magne-
tization needs to point perpendicular to the layers, and,
thus, the off-diagonal conductivity tensor cannot be ex-
pressed in the form of Eq. (1).
The proposed phenomena can be understood from the
energetic point of view. Here we consider Dirac fermions
in a uniform magnetic field pointing +z direction. Defin-
ing the ladder operator a =
√
c/2~eBz(πx − iπy) sat-
isfying [a, a†] = 1, where pi = −i~∇ + (e/c)A +
τz(JSxs/vF )Mˆ , the Haimltonian for a Weyl semimetal
can be written as[10, 25, 26]
HWSM = τz~vF

kz + τz JSxs~vF Mˆz
√
2eBz
~c a√
2eBz
~c a
† −kz − τz
JSxs
~vF
Mˆz

 .
(8)
The zeroth Landau level states are obtained as (0, |0〉)t in
the spinor representation, where |n〉 are the eigenstates
of the number operator a†a. The energy dispersion is
given by
E0(kz) = −τz~vFkz−JSxsMˆz. (9)
3Typical situations are illustrated in Fig. 1 (a) Mˆz < 0
(antiparallel to B) and 1 (b) Mˆz > 0 (parallel to B).
As represented by solid lines, the energies of the zeroth
Landau level depend on the sign of Mˆz. By contrast,
nonzero Landau levels
En(kz) = ±~vF
√(
kz +
JSxs
~vF
τzMˆz
)2
+
2eBz
~c
|n|,(10)
represented by the dashed lines in Fig. 1, are particle-
hole symmetric, and the spectra do not differ for the
opposite sign of Mˆz.
When the modulation of the chemical potential δµF is
introduced, electrons move from the high-potential region
[δµF /(−e) > 0] to the low-potential region [δµF /(−e) <
0]. In the absence of the exchange interaction, all the
Landau levels shift equally in energy by δµF . In the
presence of the exchange interaction, on the other hand,
the density of electrons depends on the value of Mˆz as
expected from Eq. (9), and, thus, there is a correla-
tion between Mˆz and δµF . To see this quantitatively, we
count the number of electrons changed by Mˆz from the
case of Mˆz = 0, fixing the magnetic field Bz (> 0). Only
the zeroth Landau level depends on the sign of Mˆz, and,
thus, modifies the density of electrons given by
nind =
eBz
hc
ρ
(1D)
F ∆E, (11)
where ∆E = JSxsMˆz is the energy shift of the zeroth
Landau level. Here eBz/hc is the degeneracy of the ze-
roth Landau level per area and ρ
(1D)
F = 2/2π~vF is the
0
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FIG. 1. The energy dispersion of the Landau levels as a func-
tion of kz for (a) Mˆz < 0 and (b) Mˆz > 0. (c) The modulation
of the chemical potential as a function of the position.
density of states of one-dimensional fermions, the prod-
uct of them being the density of states in three dimen-
sions. Equation (11) is consistent with Eq. (3) and the
anomalous Hall conductivity
σAHE = −
e2JSxs
2π2~2vF
, (12)
obtained from HWSM[13]. To minimize the total energy,
Mˆ points in the direction of −B in the high-potential
region [δµF /(−e) > 0], while Mˆ points in the direction
of +B in the low-potential region [δµF /(−e) < 0] as
depicted in Fig. 1 (c). The energy gained corresponds to
ΩCS.
The thermodynamic potential ΩCS can be also derived
from microscopic field theory. The effective action for the
electromagnetic response in a Weyl semimetal has been
derived as[10, 26–28] Sθ =
e2
4pi2~c
∫
dtd3x θ(x, t)E(x, t) ·
B(x, t). Here θ(x, t) is the axion field which is related to
the magnetization direction in our model as
1
2
∇θ(x, t) =
JSxs
~vF
Mˆ(x, t) =
1
~vF
∂Hexc
∂σ
. (13)
The procedure to obtain the axion term Sθ is as follows.
First, in the Lagrangian formalism;
SWSM =
∫
dtd3xψ†
[
i~∂t − (HDSM +Hexc)
]
ψ, (14)
we remove the exchange term Hexc by the chiral gauge
transformation; ψ → eiτzθ/2ψ where θ satisfies the con-
dition Eq. (13). In the Grassman functional theory, the
Jacobian Jθ is introduced by this transformation. Af-
ter proper regularization[29] the axion term is given by
Sθ = SWSM − SDSM = −ilnJθ, where SDSM is SWSM
at J = 0. The charge current is derived from Sθ as
j = c δSθδA =
e2
4pi2~∇θ × E. With Eq. (13) we obtain
the anomalous Hall conductivity Eq. (12). By substitut-
ing Eq. (12) for Eq. (4), the thermodynamical potential
ΩCS for Weyl semimetals can be obtained, which is in
agreement with Sθ when the electric field is written as
E =∇δµF /e.
With typical material parameters for Cr-doped Bi2Se3,
we quantitatively estimate the ratio of the effective mag-
netic field to the external magnetic field (xs = 0.1,
J = 2.0eV, ~vF = 2.2eVA˚
−1 and ρs = 1.1×10
−4A˚−3)[16,
17, 19, 21, 22]
Beff ≡
1
gµBSρs
δ
δMˆ
(EZeeman +ΩCS)
≈
[
1− 6.5×
(
δµF
[eV]
)]
B. (15)
If the chemical potential can be shifted by ∼0.2 eV, the
direction of the effective field Beff and, thus, the mag-
netization are reversed. In the above arguments we have
neglected the Zeeman interaction for band electrons. In
strongly spin-orbit coupled systems, it is known that the
4Lande factor of itinerant electrons can be larger than that
in a vacuum. Nevertheless, the typical energy scale of the
Zeeman effect in (Bi, Sb)2Te3 is g
∗µB ≈ 1meV/T[21, 22]
which is negligibly small compered to the exchange in-
teraction JSxs ≈ 500 meV in Eq. (6). [16]
In the above argument we consider only the intrin-
sic contribution. In the presence of disorder there exists
the extrinsic contributions known as the skew-scattering
and side-jump effects. Generally, the Hall conductiv-
ity consists of two parts σIij = (~e
2/4π)Tr[viG
+vj(G
+ −
G−) − vjG
−vi(G
+ −G−)] and σIIij = (ie
2/4π)Tr[(xivj −
xjvi)(G
+−G−)][14], whereG± = (EF±i0−H)
−1 and EF
is the Fermi energy. σIij is associated with states on the
Fermi surface. σIIij , on the other hand, is the contribution
of all states below the Fermi energy and is a thermody-
namic equilibrium property of the ferromagnet. In most
cases, σIij corresponds to the extrinsic contribution[6],
while σIIxy the intrinsic contribution. The left-hand side
of Eq. (2) is σIIxy. The anomalous Hall conductivities,
σIij and σ
II
xy, of a disordered Weyl metal have been com-
puted in the model of topological insulator multilayers in
Ref. [30]. It was found that the extrinsic contribution to
the anomalous Hall effect is absent as long as the Fermi
level is sufficiently close to zero (Weyl nodes). This indi-
cates that the charge-induced spin torque TCS of a Weyl
semimetal is robust against disorder.
The mechanism of the induced effective field Eq. (15)
differs qualitatively from that proposed in a ferromagnet
deposited on a topological insulator[31]. On the surface
of a topological insulator, where Dirac-Weyl fermions
demonstrate the quantum anomalous Hall effect[15], a
dissipationless Hall current j produces a spin density
〈σ〉 = − 1evF zˆ × j due to spin-momentum locking[15],
which gives an effective field and a torque[31–33] as in
the case of spin-orbit torque TSOT[34–38]. The effective
field Beff generated by a current is pointing the in-plane
direction, while the easy axis of the local magnetization
is perpendicular to the surface. To switch the magneti-
zation, therefore, the current needs to exceed the thresh-
old current, which might be challenging because a large
current destroys the quantum Hall regime at the surface
[31].
Conclusion.— In this Letter, we derived a generic ther-
modynamic potential which describes coupling of the lo-
cal spin magnetization and the charge density of itinerant
band electrons in the three-dimensional anomalous Hall
ferromagnets. This indicates that a spin torque is lo-
cally induced by gate control without a flowing current.
As an example, a Weyl semimetal was analyzed, and the
strength of the effect was estimated. The torque term
Eq. (5) overcomes the Zeeman effect when the shift of
the chemical potential is large enough, and, thus, the di-
rection of the magnetization can be controlled by gate
tuning. The spin torque Eq. (5) can be generated in
ordinary ferromagnets with large anomalous Hall con-
ductivity such as transition materials, complex oxide fer-
romagnets, and magnetic semiconductors. In practice,
the region of switched magnetizations should be smaller
than the Thomas-Fermi screening length as experimen-
tally feasible and required for nanoscale devices. The
proposed mechanism of the induced spin torque in this
work potentially has great advantage in application to
low-energy-consumption nonvolatile memory devices.
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